A new design technique is presented for narrow-band digital notch filters .The transversal filters have linear phase and their design is based on minimization of the integrated error energy over designated approximation bands. The optimal design is formulated as a constrained quadratic programming problem. A closed-from expression for the filter coefficients is presented. The notch frequency and null depth are the tunable parameters and the tuning process is described. It is shown that tuning the filter requires a relatively minimal number of operations, a matrixvector multiply is required to change the filter coefficients. Several examples are included which show the effectiveness of the proposed design technique.
INTRODUCTION
Many applications in digital signal processing require the elimination of narrow-band interference in systems where the signal phase response is important [1, 2] . Examples include radar systems, communications systems, medical applications, and speech signal processing . The weighting function for an antenna array can also be designed to reject signals at specified directions. In this case the interference is present at a single direction or at several direction, and it is important to use a linear phase filter to eliminate the interference.
A technique for designing narrow-band FIR notch filters with exactly linear phase is described. The design is formulated as a quadratic programming problem where the pass-band and stopband error energy are minimized A closed-form expression for the optimal solution is obtained. The filter notch frequency and attenuation appear as tunable parameters in the closed-form solution. Changes in the notch frequency or attenuation can be made without additional optimization, hence, reducing the computational complexity of the tuning process. The design process described here is for single notch filters. Filters with any number of notches may be designed by an extension of this technique.
The frequency response for an ideal notch filter is given by {V, CO 1-1 ,ce) = (1) = (0. 
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DIGITAL FILTER DESIGN
To obtain an FIR linear phase approximation to the ideal notch filter frequency response, we employ a Case 1 or Case 2 filter of length L [3] . In case 1, filters have odd length and in case 2 filters have even length. The filter impulse response is symmetrical and is given by the sequence h(n) ; n=0, ..., L-1. The zero phase frequency response for these filters can be expressed as
For Case 1 filters we have
and For Case 2 filters
Using the matrix notation to formulate the problem, we define the filter coefficient vector as
Case 2 and the Fourier transform kernel vector as
Then, the zero phase frequency response can be written as the vector inner product 
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where the column vector c is given by c = w" ).
(21)
We can now formulate the minimization problem as a quadratic programming problem with a linear equality constraint
The closed-form solution to the problem is obtained by the method of Lagrange multipliers [4] and is found to be
Note that the optimal solution for the filter coefficients is a sum of two terms. The first term depends on the prescribed null depth k and the notch frequency o .The second term also involves c which is given by Eq. (21). Tuning the filter involves adjusting the parameters k and Q)".
NOTCH FILTER TUNING
The notch filter can be tuned by changing the notch frequency and attenuation. Since c is a column vector, the term CTQ 1C appearing in the optimal solution is a scalar. Identifying the vectors 4k and x as solutions to the systems = c The computations indicted above can be implemented as vector operations. Since the required matrix inverse is precomputed, the most computationally intensive in step 2), which requires a matrix multiplication, is reduced.
DESIGN EXAMPLES
Several examples are provided which demonstrate the effectiveness of this design technique. The first example is a narrow-band notch filter with L =61, V,= F p= 0.5, and F"=0.375 cycles/sample. The null is taken to be infinitely deep, i.e., k = 0. The magnitude response for this notch filter is shown in Figure 1 . The filter has exactly linear phase. The second linear phase filter has magnitude response shown in Figure 2 . Its design incorporates a pass-band configuration. In this case, L =60, Fv=0.4,Y,= 045 and Fn = 0.125 cycles/sample. The stopband has been included to reduce the effects of aliasing and noise encountered in some applications.
CONCLUSION
A new approach to the design of tunable notch filters is described. The FIR filters have exactly linear phase and their design may incorporate stop-bands. A stop-band is used to reduce the effects of noise and aliasing . The filter design problem is stated as quadratic programming problem and its closed-from solution is presented. The optimized filter notch frequency and attenuation are shown to be tunable parameters. The tuning process is described and the computational advantages of this approach are noted. It is shown that tuning the filter does not require a new optimization to be carried out. Tuning requires a matrix-vector multiplication where the square matrix dimension is approximately one half the filter impulse response length. Several design examples are provided to show the effectiveness of the design technique. 
